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We consider a gravitational model in a Weyl-Cartan space-time, in which the Weitzenbock con- 
dition of the vanishing of the sum of the curvature and torsion scalar is also imposed. Moreover, a 
kinetic term for the torsion is also included in the gravitational action. The field equations of the 
model are obtained from a Hilbert-Einstein type variational principle, and they lead to a complete 
description of the gravitational field in terms of two fields, the Weyl vector and the torsion, respec- 
tively, defined in a curved background. The cosmological appfications of the model are investigated 
for a particular choice of the free parameters in which the torsion vector is proportional to the Weyl 
vector. Depending on the numerical values of the parameters of the cosmological model, a large 
variety of dynamic evolutions can be obtained, ranging from infiationary/accelerated expansions to 
non-infiationary behaviors. In particular we show that a de Sitter type late time evolution can be 
naturally obtained from the field equations of the model. Therefore the present model leads to the 
possibility of a purely geometrical description of the dark energy, in which the late time acceleration 
of the Universe is determined by the intrinsic geometry of the space-time. 
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I. INTRODUCTION 

Despite its remarkable achievements at the scale of the 
Solar System and its intrinsic theoretical beauty, general 
relativity, the best gravitational theory proposed up to 
now, is facing presently some severe observational chal- 
lenges. The observations of high redshift supernovae [ij 
and the Boomerang/Maxima/WMAP data showing 
that the location of the first acoustic peak in the power 
spectrum of the microwave background radiation is con- 
sistent with the inflationary prediction £7 = 1, have pro- 
vided compelling evidence that about 95% of the content 
of the Universe resides in two unknown forms of mat- 
ter and energy that we call cold dark matter (CDM) 
and dark energy (DE), with negative pressure, respec- 
tively, the first residing in bound objects as non-luminous 
matter Q , the latter in the form of a zero-point energy 
that pervades the whole Universe Dark matter is 
thought to be composed of cold neutral weakly interact- 
ing massive particles, beyond those existing in the Stan- 
dard Model of Particle Physics, and not yet detected in 
accelerators or in dedicated direct and indirect searches 
0. CDM contributes ^dm ~ 0.25 to the total density of 
the Universe, and is mainly motivated by the theoretical 
interpretation of the galactic rotation curves and large 
scale structure formation. DE provides VIde ~ 0.73 to 
the energy content of the Universe, and is responsible for 
the acceleration of the distant type la supernovae 

There are two main theoretical lines of thought along 
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which one could propose explanations of the recent ac- 
celeration of the Universe. A first idea is that the accel- 
eration is produced by the presence of a "real" physical 
field in the Universe, which may be also related to Ein- 
stein's cosmological constant. One way of implementing 
this model are cosmologies based on a mixture of cold 
dark matter and quintessence, a slowly- varying, spatially 
inhomogeneous component [6|. An example of the idea 
of quintessence is the suggestion that it is the energy 
associated with a scalar field Q with self-interaction po- 
tential V{Q). If the potential energy density is greater 
than the kinetic one, then the pressure p ~ Q'^/2 — V{Q), 
associated to the Q-field is negative. Quintessential cos- 
mological models have been intensively investigated in 
the physical literature A different possibility has 

been followed in Q, where the conditions under which 
the dynamics of a self-interacting Brans-Dicke (BD) field 
can account for the accelerated expansion of the Universe 
have been analyzed. 

Neither CDM nor DE have direct laboratory obser- 
vational or experimental evidence for their existence. 
Therefore it would be important if a unified dark matter- 
dark energy scenario could be found, in which these two 
components are different manifestations of a single fluid. 
A candidate for such an unification is the so-called gen- 
eralized Chaplygin gas, which is an exotic fiuid with the 
pressure p given as a function of the density p by the 
equation of state p = —S/p" where B and n are two 
parameters to be determined [8|. This dark energy-dark 
matter model was initially suggested with n — I, and 
then generalized for the case n 7^ 1. The cosmological 
implications of the Chaplygin gas model have also been 
considered Q. 

The second line of thought that can be considered 
for the explanation of the recent observational data of 
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the acceleration of the distant galaxies is based on the 
assumption that the geometrical framework necessary 
to describe the Universe must go beyond the Rieman- 
nian geometrical approach and the Einstein-Hilbert La- 
grangian on which standard general relativity is based. 
One of the simplest possible theoretical extensions of gen- 
eral relativity are the f{R) gravity models, in which the 
Lagrangian of the gravitational field is given by an arbi- 
trary function of the Riemann curvature R. f{R) models 
can indeed explain the late acceleration of the universe, 
and their cosmological implications have been intensively 
investigated Q. The non-trivial inclusion of the matter 
Lagrangian in the gravitational field Lagrangian has led 
to the so-called / {R,Lm) theories, which have been ex- 
tensively investigated recently [Toj . 

An alternative geometrical approach, in which the ba- 
sic physical variable is not the metric g^j^ of the space- 
time, but a set of tetrad vectors e* ^ was recently con- 
sidered in the so called /(T) theories of gravity, where 
T is the torsion scalar. In this approach the torsion, 
generated by the tetrad fields, can be used to describe 
general relativity entirely using only torsion instead of 
curvature. This is the so-called tele-parallel equivalent 
of General Relativity (TEGR), which was introduced in 
Tele-parallel gravity is based on the Wcitzenbock 
space model [l^ . in which torsion exactly compensates 
curvature. In the f(T) gravity models the field equations 
are of second order, unlike in /(i?) gravity, which in the 
metric approach is a fourth order theory. /(T) models 
have been extensively applied to cosmology, and in par- 
ticular to explain the late-time accelerating expansion 
without the need of dark energy [Tsj . 

Historically, the first extension of general relativity was 
proposed by Weyl [l^ : 'who unified gravitation and elec- 
tromagnetism by extending the notion of parallel trans- 
port in general relativity to include the possibility that 
lengths, and not only directions, change when vectors 
are transported along a path. This non-intcgrability 
of length provides a geometrical interpretation for the 
electromagnetic field and an elegant to unify the two 
known long-range forces of nature. Despite its intrin- 
sic beauty, and rich physical structure, Weyl's theory did 
not become a mainstream topic of research mainly be- 
cause of Einstein's comment [la] that "...in Weyl's the- 
ory the frequency of spectral lines would depend on the 
history of the atom, in complete contradiction to known 
experimental facts." A gen eralization of Weyl's theory 
was introduced by Dirac [16| who proposed the existence 
of an unmcasureable metric dsE, affected by transfor- 
mations in the standards of length, and of a measure- 
able one, the conformally invariant atomic metric dsA- 
In fact, any function f{x) that tranforms as f{x)/a{x) 
under the transformation — > a^g^^i, would provide 
the appropriate relationship between the two metrics as 
f{x)dsE = dsA- 

The Wcyl-Dirac theory and its applications were stud- 
ied in [Tsj , and some of the early results arc summarized 
in the book [l^. The Weyl-Dirac theory was considered 



within the framework of the weak field approximation in 
j20j . and it was shown that the resulting gravitational 
potential differs from that of Newtonian one by a repul- 
sive correction term increasing with distance. If the time 
variation rate of gravitational coupling is adopted from 
observational bounds, the theory can explain the rota- 
tion curves of typical spiral galaxies without resorting to 
dark matter. The intcrgalactic effects and the gravita- 
tional lensing of clusters of galaxies have been estimated, 
and they are consistent with observational data. 

The Weyl geometry can be immediately generalized 
to include the torsion of the space-time This ge- 

ometric model is called the Weyl-Cartan geometry, and 
it was extensively studied from both mathematical and 
physical point of view [2l| . In [2^ torsion was included 
in the geometric framework of the Weyl-Dirac theory to 
build up an action integral, from which one can obtain 
a gauge covariant (in the Weyl sense) general rclativistic 
massive electrodynamics. For a recent review of the geo- 
metric properties and of the physical applications of the 
Riemann-Cartan and Weyl-Cartan space-times see j23| . 

It is the purpose of the present paper to consider an 
extension of the Weyl-Cartan gravitational model by ex- 
plicitly including the Weitzenbock condition that cancels 
torsion and curvature, in the geometric structure of the 
Wcyl-Cartan space. In this way we obtain a curvature- 
full geometric gravitational model, in which the prop- 
erties of the gravitational field are determined by two 
fields, the Weyl vector and the torsion, as well as by some 
scalars formed from the combination of these basic fields. 
The basic difference with respect to the /(T) type tele- 
parallel theories is that the model is formulated in the 
usual four-dimensional curved spacetime, whose proper- 
ties are described by the metric tensor g^j,. However, 
the properties of the gravitational field arc described di- 
rectly by two vector fields in a curved space-time, and the 
metric is not the primary object determining the grav- 
itational properties. The field equations of this gravity 
model are obtained from a variational principle, and the 
cosmological applications of the field equations are stud- 
ied in detail. In particular we show that depending on 
the numerical values of the parameters of the cosmolog- 
ical model, a large variety of dynamic evolutions can be 
obtained, ranging from inflationary /accelerated expan- 
sions to non-infiationary behavior. 

The present paper is organized as follows. The geomet- 
rical properties of the Weyl-Cartan space-time are briefly 
described in Section [Hi The gravitational field equations 
corresponding to the Weyl-Cartan- Weitzenbock (WCW) 
geometry are obtained in Section IIIII The cosmologi- 
cal implications of the model are investigated in Section 
IIVI Specific cosmological solutions arc presented in Sec- 
tion [V] Finally, we discuss and conclude our results in 
Section Ell 
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II. GEOMETRICAL PRELIMINARIES 



Weyl [14| generalized the Riemannian geometry of gen- 
eral relativity by supposing that during the parallel trans- 
port around a closed path a vector would not only un- 
dergo a change of direction, but would also experience a 
change in length. In order to describe these two simulta- 
neous changes mathematically, Weyl introduced a vector 
field w^, which, together with the metric g^^^, represent 
the fundamental fields of the Weyl geometry. It is a re- 
markable feature of the Weyl model that the properties 



of 



coincide precisely with those of the electromag- 



netic potentials, suggesting that the long-range forces of 
electromagnetism and gravity have a common geometric 
origin [l^. 

If a vector of length / is carried by parallel transport 
along an infinitesimal displacement Sx^ in Weyl space, 
the change in its length 51 is given by SI = Iw^Sx^ p^ . 
For parallel transport around a small closed loop of area 
Ss^'^ the change of the vector is SI = lWfj,^Ss^'' , where 

M 



(1) 



where the covariant derivative is with respect to the met- 
ric. Under the local scaling of lengths I ~ a{x)l, the field 
transforms as = -I- (Intj) ^, while the metric 
tensor coefficients transform according to the conformal 
transformations ^^i, = cr'^g^i, and = (j~^g^^^ , respec- 
tively [l^, [i^l . A distinctive features of the Weyl geome- 
try is the presence of the semimetric connection p^ol . [23j 



S^A 



SS 



(2) 



where F^^^, is the Christoffel symbol with respect to the 
metric g^^. In the Weyl geometry F'^^^^ is assumed to be 
symmetric and with its help one can construct a gauge 
covariant derivative . The Weyl curvature tensor can 
be written as 



(3) 



The Weyl geometry can be extended to the more gen- 
eral case of the Weyl-Cartan spaces with torsion, by con- 
sidering a space time with a symmetric metric tensor 
Ppi/, defining the length of a vector, and an asymmet- 
ric connection F^^^, which defines the law of the parallel 

transport as dv^' = -~v''t^'^^dx'' [13, SI. In this case 
the connection may be decomposed into three irreducible 
parts: the Christoffel symbol, the contortion tensor and 
the non-metricity, so that one can write [l7j 



1 



-Q 



(7) 



The contorsion in Eq. ([7]) can be given in terms 



of the torsion tensor F'^'j^^j , defined as 



= ; F 



as follows 



C 



A 



The contorsion tensor is antisymmetric with respect to 
its first two indices. 

The nonmetricity tensor Q\^u can be defined as (mi- 
nus) the covariant derivative of the metric tensor with 
respect to f'*'^^ 



9 9UK>^ \, 



(8) 



(9) 



(10) 



By comparing Eqs. ^ and ([7|) it follows that the Weyl 
geometry is a particular case of the Weyl-Cartan geome- 
try, in which the torsion is zero, and the nonmetricity is 
given by Q\f^y = —2g^i^w\. Therefore in a Weyl-Cartan 
space the connection is written as 



r + g^..w^ - S^,w, - stw,, + c\,, (11) 



where 



C^t^u — ^ 9^^ 9<TtiT'^pu ~ 9^^ 9<yvT'^fif^, (12) 

is the contortion of the Weyl-Cartan space, in which the 
Weyl-Cartan torsion T'^^^ is defined as 



where 



R{tiu)al3 — X {RfiiyaP + Ri^fj.ap) — -9fj.i^Wap, (4) 



(13) 



By the use of the connection, one can obtain the curva- 
ture tensor as 



and square brackets denote antisymmetrization. In what 
follows, all results are given in terms of ^[^ji/]q^, and the 
square brackets are dropped henceforth. The first con- 
traction of the Weyl curvature tensor is given by 

R''. = i?"'^., = + 2(V,w^+w^«;,) + 

5^, (V„i(;" - 2w^w") , (5) 

where i?''^, is the Ricci tensor constructed by the metric. 
For the Weyl scalar we obtain 



R = R"^^ R + 6 (V^^w^ - w^w^) . (6) are of the metric. 



T>^A yiA yiA I -f^a yiA T^a T^A Mzl^ 

^I'a /^(T,7y M^:*'" /i(J au ota' \ / 

Using equation (jlip . one can obtain the curvature tensor 
^\v(y the terms of Riemann tensor and some new 
terms containing Weyl vector, torsion and contortion. By 
contracting the resulting Riemann tensor, one can obtain 
the Ricci scalar of the model as follows 

K = A"*^^^ = R + eV^iy'' - AV^T"" - &w^,w'' + Sw^T" 

+ T^^T^^, + 2r^"''r,„^ - 4T,r^ (15) 

where we define = T'^^^ and all covariant derivatives 
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III. FIELD EQUATIONS OF THE 
WEYL-CARTAN-WEITZENBOCK GRAVITY 



Now, we assume the Weitzenbock - type condition 



We are working in a four dimensional Weyl-Cartan 
space-time with non-mctricity and torsion. In such a 
framework, at each point of space time, there is a sym- 
metric metric tensor 5^1/, a Weyl vector Wfj, and a torsion 
tensor T^^^. To develop a theory with these dynamical 
variables, one may consider the following action 



1, 



/ = / d'^xJ^i K + -W^'^W, 



where T = Tf.T'', 



T, 



V T 



V T 



and 



(16) 



(17) 



(18) 



The first term produces the kinetic term for the metric. 
The second term is the usual kinetic term for the Wcyl 
vector. We also add two possible kinetic terms for the 
torsion. The term with coefficient 7 was added by Israelit 
[2^ as a possible coupling between the Weyl vector 
and torsion. In addition, we assume that the matter 
Lagrangian only depends on the metric and not on the 
torsion and the Weyl vector. 

In terms of the dynamical variables (g^i/, w^, T^^,) one 
can express the action explicitly as 



1 



(19) 



R + T'^^T^a^ + 2T^"'^T^„^ - AT^T^' = 0. (20) 



Imposing this condition we obtain the following form for 
the action. 



- 6w^w^' + 8w^T^ + 7T"^,VaI^^'' + L^] . (21) 



It is worth mentioning that, without the kinetic term for 
the torsion, the field equations obtained by varying the 
action with respect to the torsion will be satisfied only 
when the Weyl vector vanishes. 

The field equations, obtained by variation of the action 
with respect to the Wcyl vector field and the torsion are 
given by 



(22) 



and 



-2/3 {TP51 - T^SP) DT + jV^W" = 0, (23) 



respectively. The field equation associated with the met- 
ric variation is 



+ a{2TppT,f - ]^gpvTp,TP^) + /^(v^rV.T - ig^.VpTVT - 2T^T,UTj + 4 {T^w„ + T,Wp - g^.TpwP) 



(24) 



where is the energy-momentum tensor of the matter Wp and T 



fields. Eq. p4)) is a constraint on our dynamical variables 



flu ■ 



5 



IV. COSMOLOGICAL EVOLUTION 
EQUATIONS IN WCW GRAVITY 

To consider the cosmological solutions of the model we 
take the FRW metric as 

ds^ = -dt^ + a{tf {dx^ + dif + dz^) . (25) 

We assume that the matter is a perfect fluid with total 
energy-density and pressure, given by 



Ptot{t) = Prn + Prit), 



Ptot{t) =Pm +PT{t), 



(26) 



(27) 



where pm and Pm represent the contribution of the energy 
density and pressure of the ordinary matter (dust and 
radiation) to the energy- momentum tensor, and prit) 
and Prit) are the effective energy-density and pressure 
corresponding to the Weyl vector and the torsion field, 
respectively. 

In the following we consider the case 



a = 7 = 0, 
only. The action of the model becomes 
'1 



(28) 



(29) 



and the field equations describing the evolution of the 
Universe in the Weyl-Cartan-Weitzenbock gravity model 
take the form 



1 



(30) 



2 {wPS; - w^SP) ~ p {TPS; - T'^SP) OT = 0, (31) 

and 



+ 4 {Tf,w, + nw^, - gp^TpwP) - -T™, = 0, (32) 



respectively. 

Let us assume that the torsion can be decomposed as 

'^fj.i'P ~ 2 {Qugfip ~ Qpgp.v) + ^p.vpaS , (33) 

where and are two unknown vectors. Contraction 
of this equation with g^f results in = . Contracting 
equation (pij) with results in 



2wP - PTPUT = 0. 



(34) 



Multiplication by Tp and assumption T ^ leads to 

aT=^^wPTp. (35) 

Now, putting this back to Eq. (|3ip one obtains 

r"T„ (^"(5;: - w^SP^) = w'^Ta, {TPs; - T^SP^) , (36) 
with the solution 

Tp. = Aw^, (37) 

where A is an arbitrary integration constant. Therefore 
one also obtains as a function of the Wcyl vector. 
Putting this back to Eq. ([2^ . we obtain the following 
differential equation for the Weyl vector 

i (V'^V,,^, - Uw^) + {AA - 6) = 0. (38) 

This equation gives the Weyl vector as a function of the 
metric in general. The constraint equation (p4)) then 
gives the matter content of the model in terms of the 
Weyl vector. The vector however can be obtained 
from the tele-parallel condition (|20)) as a function of the 
metric and Weyl vector using solution (P7)) . Let us obtain 
the conservation of the energy-momentum tensor. From 
equation ([50)1 . ([5^ and (|57)) one can obtain 



V^T™ = W^pVpWPP + -W^pSJPW/ - -^WP-V^Wp, 



- (6 - 4A)w^V^'i«p + 2AwP\/p.w^,. 



(39) 



In general the matter energy-momentum tensor is not 
conserved. 

In the following we assume that the Weyl vector has 
only the temporal component, that is, it is given by 



zi;^= [^(0,0,0,0], 



(40) 



where ■0(t) is an arbitrary function of time. Eq. p8p gives 
'0(<) 7^ only for A = 3/2, which implies that 



- 2 [^W, 0,0,0]. 



(41) 



The argument above shows that we can then obtain all 
the variables in terms of the arbitrary temporal com- 
ponent of the Weyl vector. Now, let's assume that the 
vector SP has only a temporal component 



5'^ = [S(t),0,0,0], 



(42) 



where I](t) is a time dependent function. The constraint 
equation ((20)) gives the function I](t) as 



+ (1 +a2)i/2 



(43) 
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where H = a/a is the Hubble parameter. From equation 
([5^ one then finds 



H 



2 



1 1 



PT = -Pm 
PT = -Prn 

where we have denoted 
and 

k = 



64' + 1^-2 
64'+ 



81/3 



(44) 

(45) 
(46) 

(47) 

(48) 



respectively. Eq. (H^ can be written as a second order 
linear differential equation 



<i> + 3Hi> - T = 0, 
k 



or, equivalently, 



1 d { ^ 
a3 dt \ dt 



(49) 



(50) 



giving the dependence of Vl/ on the Hubble function H 
and of the scale factor a. By taking the time derivative 
of Eq. (|45|) we obtain 



dpt. 



dt 



-ikH^^ 



(51) 



which shows that the total energy of the Universe is con- 
served 



dpt. 



dt 



3H{ptot +Ptot) = 0. 



(52) 



We note that, the conservation of the total energy of the 
Universe is conserved only in the special case (|40|) . In 
the following we will assume that the matter and the 
"geometric" part of the total energy are independently 
conserved, and therefore the matter content of the Uni- 
verse satisfies the standard energy conservation law 



dp„ 



dt 



3H {p„ 



Pri 



0. 



(53) 



In order to close the system of field equations we have 
to specify a supplementary relation between pT and pr 



(a "geometric" equation of state). Once the equation of 
state is given, the system of field equations Eqs. (|44|)- 
(|46| is closed, and the time evolution of the scale factor 
of the Universe, of its matter content, and of the Weyl 
vector can be obtained by assuming some appropriate 
initial conditions. 

In the case of a vacuum Universe with p„i = Pm = 0, 
from Eqs. (|44p - (|46| it follows that for large varying Vlf 
the "geometric" pressure of the matter acts like "mat- 
ter" with a stiff equation of state, and as a cosmological 
constant for small temporal variations of -0 



PT 



PT = 
-PT 



-6*, 



*2 > 124'/fc, 
*2 < l2^/k. 



(54) 



Therefore this result gives a geometrical interpretation 
of the dark energy in terms of the Weyl vector. The 
equation of state of the dark energy is given by 



PT 

Pt 



1, 

-1, 



> l2^/k, 
4/'^ < 12*/fc. 



(55) 



V. COSMOLOGICAL MODELS IN WCW 
GRAVITY 

In this Section we present a number of explicit, ana- 
lytical and numerical, cosmological solutions of the field 
equations, Eqs. (04]) -(06]), of the WCW gravity model. 
As an indicator of the accelerating expansion wc use the 
deceleration parameter, defined as 



d_l_ 

dtH 



1. 



(56) 



Positive values of q indicate a decelerating behavior, 
while an accelerating expansion of the Universe requires 
a negative q. 



A. Cosmological models with a linear geometric 
equation of state 

As a first example of a cosmological model in WCW 
gravity we consider the case in which the effective geo- 
metric pressure and density of the Weyl field satisfy a 
linear, barotropic type, equation of state, of the form 



PT = (r - 1) PT, 



(57) 



where F is a constant. With this equation of state the 
gravitational field equations become 



1 da 
a dt 



[2 (F-2)fc][(F-l)p„ 



6T^ 



(F - 1) a {dpm/da) - a (dpm/da) 
6 [(F - 1) p,n ~Pm + 6F*] 



(58) 
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and 



k{r-2) 



(r-i)p. 



(59) 



In obtaining the above solution we assume that ^' > 0. 
The system of equations Eqs. ([55)) and ([5^ must be sup- 
plemented with the scale factor dependence of pm and 
Prm which can be obtained from the ordinary matter 
equation of state Pm = Pm (pm) and from the energy 
conservation equation, and must be integrated with some 
appropriate initial conditions a (0) = oq and tp (0) = ipo, 
respectively. In the following we consider that the mat- 
ter content of the Universe consists of prcssurclcss dust, 
with Pm = 0. Hence the energy density of the matter 
varies as pm = Po/a'^i where po is the present day matter 
density. By introducing a dimensionless time r, and the 
dimensionlcss Wcyl vector 9, defined as 
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fc(r-i)(r-2)po 



and 



6r 



(r-i)po 



(60) 



(61) 



respectively, the cosmological field equations of the 
WCW gravity model with a linear geometric equation 
of state take the form 



da 
d7 



2 VT 



3r 1 -t- 2aH 



de 
rf7 



(62) 



(63) 



One can solve the above equations analytically for 0{t) 
as a function of a(r), 



2(r-i) 



Cia 



-3r 



(64) 



where Ci is an integration constant. The solution for the 
scale factor can then be obtained implicitly as a function 
of time 



ar 



-3r- 



,3r 



2Ci(r- l)a3] 



v/2(r- 1) J V2Ci(r-l)a3-3r + r-2 



da. 



(65) 



The time variations of the scale factor a and of the 
dimensionless Weyl vector 9 are represented, for different 
values of F, in Figs. [l]and[2l respectively. 

The time variation of the deceleration parameter for 
this class of cosmological models is represented in Fig. H 
As one can sec from the figure, depending on the value 



FIG. 1: Time variation of the scale factor of the Universe in 
the WCW gravity model with linear barotropic equation of 
state for different values of F: F = —1 (solid curve), F = —3/4 
(dotted curve), F = —2/3 (dashed curve) and F = — 1/2 (long 
dashed curve), respectively. The initial conditions for the 
cosmological evolution are a(0) — 0.001 and ^(0) — 10^^. 
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FIG. 2: Time variation of the Weyl vector in the WCW grav- 
ity model with linear barotropic equation of state for different 
values of F: F = — 1 (solid curve), F = —3/4 (dotted curve), 
F = —2/3 (dashed curve) and F = —1/2 (long dashed curve), 
respectively. The initial conditions for the cosmological evo- 
lution are o(0) = 0.001 and e{Q) = 10"'' . 



of F, a large variety of cosmological behaviors can be ob- 
tained. The considered models start from an accelerating 
state, with negative g, and depending on the value of F, 
they can end either in a decelerating phase, or with a 
constant, negative value, of the deceleration parameter. 
This class of models may be relevant for the description 
of the infiationary epoch of the very early evolution of 
the Universe. For F < — 1, the cosmological models are 
decelerating, with g > for all times. 
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FIG. 3: Time variation of the deceleration parameter in the 
WCW gravity model with linear barotropic equation of state 
for different values of F: F = — 1 (solid curve), F = —3/4 
(dotted curve), F = —2/3 (dashed curve) and F = —1/2 (long 
dashed curve), respectively. The initial conditions for the 
cosmological evolution are a(0) = 0.001 and 6(0) = 10~^. 



In the absence of matter pm = Pm = and for > 0, 
Eqs. ([55| and ([5^ have the simple solution 



3r 



(r-2)fc 



t, a{t) = aot" 



(66) 



where 



constant is Hq = 2/fc?/'Q. In order to find the general 
conditions for a de Sitter type expansion we start from 
Eq. (j49|) . written as 



^ 



dt k 



(71) 



For an accelerated expansion H = Hq =- constant, and 
therefore the general solution of Eq. (|7ip is given by 



Hnk 



t - 



Ci 



-3Hot + C2, 



(72) 



where Ci and C2 are arbitrary constants of integration 
and we assume that tp ^ 0- The energy density and 
pressure of the Universe are given by 



Pt 



-6C2 



-6Hot 



Ho 

2(1- 6Hot) 



and 



Pt = 6C2 



qk^.eHot ^ 2(l + 6got) 



Ho'k 



(73) 



(74) 



respectively. In the limit of large times the energy density 
and the pressure satisfy the relation pt + Pt ~ 4:/HQk. 



2 

3f ' 



(67) 



In order to have an expansionary evolution it is necessary 
that F < 0. The deceleration parameter for this model is 



1 3F 
n 2 



(68) 



The Universe will experience an accelerated, power law 
inflationary expansion if the condition F > — 2/3 is sat- 
isfied. 



B. Exponentially accelerating solutions 

In the following we consider first the case of a vacuum 
Universe with p^ = Pm = 0. From Eq. (j44p it immedi- 
ately follows that H = constant if ^I" = t/'q =constant7^ 0, 
giving 

m = ^oVt. (69) 
For the geometric density and pressure we obtain 

PT = i^l (^^0 - , PT = V'o (^^0 + 6t) . (70) 

The expansion of the Universe is accelerating, with the 
scale factor given by a = ap exp (Hot) , where the Hubble 



C. Power law expansion 

Let us assume that the scale factor behaves as a{t) = 
aot^. The temporal component of the Weyl vector can 
be obtained from the equation (|7ip with the result 



fc(3A + 1 



1 - 3A 



1-3A 



+ C2, 



(75) 



where Ci and C2 are integration constants and we assume 
that > 0. In this case, the energy- density and the 
pressure are given by 



54A 



PT 



fc(l + 3A): 
36CiA_^i_3;^ 



kC'l 



-6A 



and 



Pt 



1-9A2 



18(2 + 3A) 2 
~fc(l + 3A)2* 

l2Cl 1 q\ 

+ 1-9A2' 



-6C2 



(76) 



^t~'^ + 6C2, (77) 



respectively. Fig.|4]shows the behavior of the Weyl vector 
for three cases of matter dominated, radiation dominated 
and the late time acceleration phase of the universe with 
A = 2/3, 1/2 and 8/5, respectively. 
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FIG. 4: Time evolution of the temporal component of the 
Weyl vector for Ci = 1, C2 = 1, /3 = 1/4 and A = 1/2 (solid 
curve), A = 2/3 (dashed curve), and A = 8/5 (dot-dashed 
curve) . 
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FIG. 5: Deceleration parameter as a function of time for t/ji = 
0.1, ip2 = 10, 1^3 = -1, V4 = -1 and /3 = 1/4. 

As can be seen form the above solutions one may con- 
struct a model starting from the matter dominated uni- 
verse and ending with the self-accelerating universe by 
choosing appropriate '0(i). In order to do this one must 
choose a function which behaves like ([75)1 for small t, and 
behaves like ([72]) for large t. Let us assume that 

^^tr=^,ti+^,t+^-f + ^, (78) 

with ipi some constants. In Fig. [S] wc have plotted the 
deceleration parameter as a function of time. As can be 
seen from the figure, the universe accelerates at late times 
with the deceleration parameter g — 1, and decelerates 
in the early universe, in agreement with observational 
data. 



VI. DISCUSSIONS AND FINAL REMARKS 

In the present paper we have investigated a geometri- 
cal gravitational theory, based on the imposition of the 
Wcitzenbock condition between curvature and torsion in 



a Weyl-Cartan space-time. As a result, the Einstein- 
Hilbert type action of the gravitational field becomes 
independent of the curvature, thus leading to the the- 
oretical possibility of the description of the gravitational 
phenomena in terms of two, interacting fields, the Weyl 
vector and the torsion, in a curved background geometry, 
characterized by a symmetric metric tensor. A dynamical 
torsion kinetic term has also been added to the gravita- 
tional action. By performing the independent variation 
of the action with respect to the vector fields and metric, 
the field equations arc given by a set of three independent 
second order partial differential equations, describing the 
dynamics of the two vector fields in the background ge- 
ometry, and in the presence of the standard matter fields. 
The model does not contain an explicit dynamical equa- 
tion for the metric, which has to be obtained generally 
by solving the Wcitzenbock constraint equation. 

The cosmological implications of the model have been 
analyzed in a framework of a simplified version, in which 
the coupling between the derivatives of the Weyl field 
and torsion, and the tensor torsion field T^^, have been 
neglected. By assuming a flat Friedmann-Robertson- 
Walker type metric, the field equations can be reduced to 
three independent equations, giving the Hubble function 
and the total energy density and pressure as a function 
of the Weyl vector and its time derivative only. It is im- 
portant to mention that the total energy density of the 
Universe, including the standard matter part and a geo- 
metric component, is conserved during the cosmological 
evolution in our specific choice of the parameters. 

An interesting result of the model is the form of the 
geometric equation of state in the absence of matter, 
Pm = Pm = 0, given by Eqs. (^5]) and pS)) . respec- 
tively, as well as the evolution equation for the Weyl 
field, given by Eq. By rescaling the Weyl field 

as 5* — > (t)/\/k, fc > 0, the density and the pressure 
of the Weyl field take a form similar to the energy 
and pressure of the standard scalar field model, with 
PT = 0^/2 - V{(j)), and pr = </>^/2 + T/((/)), respectively, 
with V {(f>) = {(!>/y/k)4>. However, as compared to the 
case of the standard scalar field models, the potential 
has the opposite sign. Moreover, in the Klein - Gordon 
equation 4> -\- 3H(j) — dV/d(j> = 0, describing the evolution 
of the Weyl field, the term dV/d(j> appears again with the 
wrong sign as compared to the case of the standard Klein 
- Gordon equation 

4> + 3H(j) + dV/d(j} = 0. (79) 

Fields satisfying Eg. (P^l) instead of Eq. ([75)) are known 
as phantom fields [2^. In a cosmological context the 
hypothetical phantom scalar field would cause super- 
acceleration of the universe, with the Hubble parameter 
increasing with time, H > 0, and leading to a Big Rip 
singularity at a finite time in the future. Hence in the 
present model the Weyl field behaves like an equivalent 
phantom scalar field |24{ . and super-accelerating cosmo- 
logical models can indeed be explicitly obtained. 
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The case of scalar fields with "wrong" sign in the 
Klein - Gordon equation was discussed recently in psj . 
in the context of the analysis of the correspondence be- 
tween scalar fields and effective perfect fluids. In the 
framework of the scalar field description of fluid sys- 
tems the Klein - Gordon equation with the "wrong" 
sign can be obtained from a Lagrangian of the form 



4,^/2 + V{ct,) 



while the "cor- 



rect" sign in the Klein - Gordon equation is obtained for 

In the present model 



L. 



02/2 - V{4>) 

a similar effect of the sign change in the Klein-Gordon 
equation is related to the change in the sign of the po- 
tential in the geometric density and pressure associated 
to the Weyl field. 

Present day observations do not rule out the possibil- 
ity of the presence of some extra gravitational effects, be- 
yond the standard general relativity model, acting at the 
Solar System, galactic and cosmological levels. The pre- 
dictions of the WCW gravity model could lead to some 
new effects, as compared to the predictions of general 
relativity, or other generalized gravity models, in sev- 



eral problems of current interest, such as cosmology, dark 
matter, gravitational collapse, or the generation of grav- 
itational waves. The study of these phenomena may also 
provide some specific signatures and effects, which could 
distinguish and discriminate between the various gravi- 
tational models. In order to explore in more detail the 
connections between the WCW gravity model and the 
properties of gravitation at different length scales, some 
explicit physical models are necessary to be built. In par- 
ticular the properties of the static, spherically symmetric 
properties of the gravitational fields in vacuum and in- 
side stars must be considered, and the predictions of the 
model must be compared with the existing observational 
data at the Solar System level. These studies will be 
done in forthcoming works. 
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